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We consider the role of quantum mechanics in a specific coherent control scenario, designing a “coherent control
interferometer” as the essential tool that links coherent control to quantum fundamentals. Building upon this allows us to
rigorously display the genuinely quantum nature of a generalized weak-field coherent control scenario (utilizing 1 vs.
2 photon excitation) via a Bell-CHSH test. Specifically, we propose an implementation of “quantum delayed-choice”
in a bichromatic alkali atom photoionization experiment. The experimenter can choose between two complementary
situations, which are characterized by a random photoelectron spin polarization with particle-like behavior on the one
hand, and by spin controllability and wave-like nature on the other. Because these two choices are conditioned coherently
on states of the driving fields, it becomes physically unknowable, prior to measurement, whether there is control over the
spin or not.
PACS numbers: 03.65.-w, 03.65.Ud, 32.80.Rm
I. INTRODUCTION
Various coherent control scenarios, in both complex and
simple systems, utilize laser fields to coherently manipulate
atomic or molecular fragmentation processes1. Two competing,
fundamentally different perspectives have been advocated to
explain the control. In the first, within the spirit of the Young
double-slit experiment, one interprets the probability of the
outcomes—the control target or yield—as an intensity and
phase dependent pattern resulting from the quantum-coherent
interference of mutually exclusive path alternatives that are
embodied in the laser excitation pathways1–3. In the second,
one views the controllability as the manifestation of the re-
sponse of the system to the superposition of phase-coherent
incident laser fields. In this approach, control is perceived as
an inherently classical phenomenon4–6, i.e. a phenomenon that
could fall under descriptions based on classical laws of motion.
Understanding which of these descriptions is preferred is not
just a matter of convenience. Rather, it has practical applica-
tions stemming from the recognition that decoherence effects
often bring a system to the classical limit7. Hence, if control
is indeed (at least partially) classical, then it may well survive
in the often unavoidable decohering environments associated
with realistic molecular processes.
There is ample motivation to address the issue of the role
of quantum vs. classical effects in coherent control. For exam-
ple, Refs. 8 and 9 analyze controlled symmetry breaking in a
field-driven quartic oscillator both quantum-mechanically and
classically and concludes that not only the basic requirements,
but also the physical origins of control, are the same in both
cases. Similarly, Ref. 10 shows that environmentally assisted
one photon phase control is mainly due to the incoherent break-
ing of time-reversal symmetry, and is thereby not evidence
of quantum coherent dynamics. In addition, it is of interest
to note that related concerns regarding classical vs. quantum
coherence contributions have arisen within the framework of
a)Electronic mail: tscholak@chem.utoronto.ca
electronic energy transfer in light-harvesting systems11.
Classical descriptions can offer an intuitively appealing pic-
ture, but in the case of coherent control they often fail quan-
titatively, and are hence discarded. Therefore, since its in-
ception, coherent control has been regarded as fundamentally
quantum1,12,13, particularly in the case of driving a system with
two frequencies (nω + mω). Here, reliance on an interpre-
tation of the interference of quantum pathways as described
above (and as originally put forth12,13 by one of the authors of
this paper) is commonly accepted. But the issue of the extent
to which nontrivial quantum features are central to phenom-
ena such as coherent control needs to be reconsidered in light
of developments in Bell-like tests to certify unique quantum
features14–20 and recent reports that identify distinct classical
mechanisms as a possible source of control5,8–10,21–23.
We reiterate that there is no question that quantum mechan-
ics is necessary to quantitatively describe the outcome of coher-
ent control scenarios. However, quantitative agreement with a
quantum description cannot serve as a general proof that the
observed phenomenon is unambiguously quantum in nature
(since such a proof requires that all classical descriptions and
explanations must be falsified). As a consequence, rigorously
certifying the quantumness of a process and identifying its
quantum features is a challenging task that has been the sub-
ject of intense efforts in quantum optics, quantum information
and quantum foundations. Studies of this type often take the
form of proposed experimental protocols that are carefully
crafted to close any loopholes that would prevent rigorous as-
sertions regarding those features of quantum mechanics that
are manifest in the process. Such features include issues such
as nonlocality, entanglement, multiple-pathway interference,
sensitivity to measurement, etc.24. In this paper we make the
first inroads into utilizing ideas of this kind to explore the quan-
tum characteristics of coherent control. Specifically, we first
focus on path interference and introduce a “coherent control
interferometer” which formalizes the relationship between co-
herent control scenarios and quantum optics approaches to the
fundamentals of quantum mechanics24,25. As a particular case
we concentrate the analysis on phase-coherent control over the
spin polarization of an electron that has been emitted in an
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2interfering (ω + 2ω) photoionization process.
We then design a generalized coherent control scenario in
which measurements can be performed whose outcomes will
have certifiably nonclassical statistics and that strongly sup-
port the analogy between coherent control and the quantum
interference of paths. We show that this setup can be used to
probe wave-particle complementarity and to implement “quan-
tum delayed-choice”18–20; it becomes unforeseeable prior to
measurement whether the spin polarization statistics are wave-
or particle-like, that is, whether there is control or not. This
hallmark of quantum interference is key for violating a Bell
inequality that serves as a rigorous experimental test of local
realism and thereby distinguishes nonclassical from classical
statistics, entirely on the basis of observed statistical data14–17.
Note the fact that we deal with a generalization of traditional
coherent control scenarios indicates the continuing need to
identify methods of certifying the quantumness of traditional
coherent control scenarios. Such studies are underway and
our expectation is that the coherent control interferometer in-
troduced in this paper will serve as a central tool for such
studies.
II. CONTROL SCENARIO
A. Coherent Control Interferometer
Let a heavy alkali atom be ionized by weak coherent (ω+2ω)
radiation26–28. For purposes of simplification (rather than phys-
ical necessity), we assume a tight confinement that fully sup-
presses decoherence due to recoil29. The control target is the
laboratory zˆ-axis projection m′s of the photoelectron’s spin in
the continuum30,31. We consider the case where the continuum
state
∣∣K ′,m′s+〉 of the electron at energy E′ = (~K ′)2/2me
can be reached from the atomic ground state
∣∣nS 12 ,mj〉mainly
by two pathways32: (i) absorption of 1 photon of energy
~ω2 = E′ − E
(
nS 12
)
or (ii) of 2 photons each with energy
~ω1 = ~ω2/2. Here, K ′ refers to the electron’s asymptotic
outgoing wavevector32, n is the ground state’s principle quan-
tum number33, and the projection of the total angular momen-
tum j onto the zˆ-axis is denoted mj . This setup implements
a “coherent control interferometer” (CCI), Fig. 1, an analog
of a Mach-Zehnder interferometer (MZI). The ground state is
spin- 12 and constitutes the CCI’s two input ports whereas the
final projections m′s = ± 12 are identified with the two output
ports, the measurement statistics p± of which are interpreted
as the interference patterns. Henceforth, we restrict attention
to one input port only, mj = − 12 .
The incoming laser modes l are to be populated with coher-
ent states of light, |l〉 ≡ |(αkεˆ)l〉, since these are eigenstates
of the photon annihilation operator and thus correlations with
matter due to photon absorption do not occur34. The a priori
probabilities of the ionization pathways can be adjusted by
means of the amplitude moduli |αl|, the directions of incidence
kl, and the polarizations εˆl. This is because (as described
in the appendix), in the long-time limit, the change of the
electron’s spin is described in terms of an infinite series of
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FIG. 1. (color online) Proposed coherent control interferometer (CCI).
(a) In the open configuration o, single-photon ionization (solid blue)
only undergoes a σ-transition with
∣∣mj −m′s∣∣ = 1, whereas two-
photon ionization (dashed red) leaves the electron spin unchanged.
The processes are distinguishable from one another due to their differ-
ent outcomes. (b) This is not the case in the closed setup c, for which
the transition amplitudes between all spin combinations are nonzero.
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FIG. 2. (color online) Sample scattering geometry with incident light
wavevectors kˆ1o = yˆ, kˆ2o with projection kˆ2o · zˆ = cosϑ2o =
−√2/3, kˆ1c = Kˆ′, and kˆ2c with cosϑ2c = −2√2/3. The emitted
photoelectron is detected in the direction Kˆ′. The alkali atom is
located at the origin. The polarization of the incoming radiation is
indicated in color (shades of grey). The o configuration uses linear
polarization, whereas the c setup employs elliptically polarized light.
well-known, polarization-dependent transition matrix ampli-
tudes ti
(
m′s,mj
)
, i = 1, 2, . . ., multiplied by corresponding
powers of the field amplitudes αl35–41. In the present case, only
the first two transition amplitudes are relevant26,27; t1 resolves
the 1-photon process and connects only to P continuum states,
whereas t2 accounts for 2-photon ionization and accesses S
and D orbitals. The amplitudes contain radial integrals,D1 and
D2, that serve here as complex empirical parameters. There
exist measurement schemes for which the ionization pathways
become absolutely distinguishable. Therefore, in what follows,
spin statistics are conditioned on successful detection of the
electron in the channel Kˆ ′ =
(√
2 xˆ − zˆ)/√3. This both
eliminates the need for taking into account the efficiency of de-
tection and does not provide information about the path taken
from the initial to final state of the atom.
We argue that quantum interference in the CCI can be ex-
posed in the same manner as it can be displayed in the Young
double-slit42,43, a MZI, or a Ramsey interferometer44,45 for
3single photons, electrons, etc. The latter undertaking entails
the observation of complementarity between the wave and par-
ticle property, which is demonstrated by the experimenter’s
choice between two measurement statistics: particle and wave
statistics. In the case of the former, interference is completely
absent. In principle, if not in practice, knowledge about the
path—whether the photon has taken the first rather than the
second slit, or, correspondingly, whether the atom has been
ionized in a 1- or a 2-photon process—is available by measure-
ment. When it allows for tracing of paths, an interferometer
is called open. If, in contrast, interference is displayed, then
the statistics are wave-like. Full path knowledge cannot be
acquired, not even in principle. This results from operating the
interferometer in the so-called closed configuration. Below,
the subscripts o and c are used to denote these configurations.
The ionization scenario has been selected because it is con-
ducive to engineering both the o and c cases, Fig. 2.
1. The Open Interferometer Configuration
For the open configuration, two linearly polarized modes,
(kεˆ)1o and (kεˆ)2o, are chosen, for example, to be populated
according to εˆ1o = −kˆ2o =
(
xˆ+
√
2 zˆ
)
/
√
3 and εˆ2o = kˆ1o =
yˆ in a field state denoted |1o, 2o〉. The vectors Kˆ ′, kˆ2o, and
kˆ1o come as a right-handed orthogonal triad that is inclined at
an angle pi−arctan(√2) away from the positive zˆ-axis. These
mode settings imply t1o ∝ δm′s,−mj and t2o ∝ δm′s,mj and,
as a result, absolute path knowledge; the direction in which
the spin is detected reveals the path taken through the CCI,
cf. Figs. 1 (a) and 2. To realize an unbiased interferometer,
the moduli of the complex amplitudes are to be adjusted as
follows:
|α1o| = 6
√
piλeiκ1o
~gk1
[−D1(E′P 12 , nS 12)+D1(E′P 32 , nS 12)] ,
(1a)
|α2o|2 = 90
√
piλeiκ2o
i~2g2k2
[−5D2(E′S 12 ,P 12 , nS 12)
− 10D2
(
E′S 12 ,P
3
2 , nS
1
2
)
+ 5D2
(
E′D 32 ,P
1
2 , nS
1
2
)
+D2
(
E′D 32 ,P
3
2 , nS
1
2
)
+ 9D2
(
E′D 52 ,P
3
2 , nS
1
2
)]−1
.
(1b)
The Eqs. (1) define conditions on the phases κ1o and κ2o that
ensure that the right hand sides of Eq. (1a) and (1b) are real
and nonnegative. κ1o and κ2o therefore depend on the com-
plex phases of the integrals D1 and D2 and will henceforth
be referred to as material phases. The arguments of D1 and
D2 refer to the respective photoionization channels. For exam-
ple, D2
(
E′D 52 ,P
3
2 , nS
1
2
)
is the radial matrix element of the
process leading from the ground state
∣∣nS 12 ,mj〉 via interme-
diate P 32 orbitals to the continuum state
∣∣E′D 52 ,m′j+〉. The
field’s phases, φ1o = Argα1o and φ2o = Argα2o, can still
be chosen freely. In Eqs. (1), λ is a positive, constant scaling
factor. The precise value of λ is irrelevant, since the probability
amplitudes are eventually conditioned on successful detection
of the photoelectron in the channel Kˆ ′. For the choices above,∣∣t1oα1o∣∣ = ∣∣t2oα22o∣∣. We have thus established that, for the
initial state
∣∣nS 12 , - 12〉⊗ |1o, 2o〉, the final state of the ionized
atom in the channelK ′ is |fo〉 ⊗ |1o, 2o〉, where
|fo〉 = e
iδo
√
2
(∣∣K ′, 12 +〉+ e−iθo∣∣K ′, - 12 +〉) (2)
with δo = φ1o + κ1o and θo = φ1o − 2φ2o + κ1o − κ2o. The
state |fo〉 describes full particle-like statistics; projected onto
the zˆ axis, both spin orientations m′s = ± 12 are always equally
likely, regardless of the lasers’ phase difference φ1o − 2φ2o.
Thus there is no phase-coherent control and the fringe visibility
vanishes on both output ports.
2. The Closed Interferometer Configuration
As for the closed configuration c, it can be achieved by
populating two other modes, (kεˆ)1c and (kεˆ)2c (see Fig. 2).
For example, the one-photon absorption field 1c is chosen
circularly polarized,
√
14 εˆ1c =
√
5/3 +
√
2
(
xˆ +
√
2 zˆ
) −
i
√
9− 3√2 yˆ with kˆ1c = Kˆ ′, whereas the two-photon ab-
sorption field 2c is chosen elliptically polarized,
√
2 εˆ2c =(
2
√
2 xˆ + zˆ
)
/3 + iyˆ as well as kˆ2c =
(
xˆ − 2√2 zˆ)/3,
making an angle of pi − arccsc(3) with the zˆ-axis. The
resultant field state is denoted |1c, 2c〉. Only t2
(
1
2 ,
1
2
)
and
t2
(
- 12 , -
1
2
)
contain S-wave D2 factors. They are fully sup-
pressed in the chosen field configuration. (It turns out that
simultaneous unbiased interference for both input ports of
the CCI, mj = ± 12 , cannot be achieved. That is why the
above settings are tailored specifically to balance the inter-
ference from the input port mj = − 12 ). With these, we find
t1c
(
1
2 , -
1
2
)
= t1c
(
- 12 , -
1
2
)
. Although it would be most desirable
to also have t2c
(
1
2 , -
1
2
)
= −t2c
(
- 12 , -
1
2
)
, the latter amplitudes
are somewhat biased and have generally a mutual phase shift
different from pi. This is the case unless one can select an
energy E′ for which the transition to j′ = 52 is negligible com-
pared to j′ = 32 ; indeed, for D2
(
E′D 52 ,P
3
2 , nS
1
2
)
= 0, the
t2c are as desired. If this were the case the amplitudes would
be set equal in absolute value to
|α1c| =
√
7
2(3−
√
2)
|α1o|, (3a)
|α2c|2 = 180
√
piλeiκ2c
i
(√
2 + 2
)
~2g2k2
[
5D2
(
E′D 32 ,P
1
2 , nS
1
2
)
+D2
(
E′D 32 ,P
3
2 , nS
1
2
)]−1
(3b)
in order to achieve unbiased interference. We choose the am-
plitudes (3) even for cases where D2
(
E′D 52 ,P
3
2 , nS
1
2
) 6= 0.
The phases φ1c = Argα1o and φ2c = Argα2o are free pa-
rameters, whereas κ2c is another constant material phase that
is implicitly defined by Eq. (3b). The phases picked up by
the one-photon processes are identical in the configurations o
and c, therefore κ1c = κ1o. Consider now initialization from
the state
∣∣nS 12 , - 12〉⊗ |1c, 2c〉. For successful detection in the
4channelK ′, the final state becomes |fc〉 ⊗ |1c, 2c〉, where
|fc〉 = e
iδc
Nfc
[(
i sin φc+θc2 − e−iφc/2d2
)∣∣K ′, 12 +〉
+
(
cos φc+θc2 +
(
7
2 − 5√2
)
e−iφc/2d2
)∣∣K ′, - 12 +〉] (4)
with the global phase δc = (φ1c + 2φ2c + κ1c + κ2c)/2, the
interferometric phase difference φc = φ1c− 2φ2c, the material
phase shift θc = κ1c − κ2c, the normalization Nfc , and with
d2 =
−3i e−i(κ1c+κ2c)/2D2
(
E′D 52 ,P
3
2 , nS
1
2
)∣∣5D2(E′D 32 ,P 12 , nS 12)+D2(E′D 32 ,P 32 , nS 12)∣∣ .
(5)
The state |fc〉 is wave-like; coherent control of the electron’s
spin is possible by virtue of the phase φc. The interference
contrast is maximal for D2
(
E′D 52 ,P
3
2 , nS
1
2
)
= 0, in which
case also d2 = 0 and
∣∣t1c(m′s, - 12)α1c∣∣ = ∣∣t2c(m′s, - 12)α22c∣∣.
B. Complementarity
Complementarity in quantum interference demands that the
experimental situation determines whether one detects the
statistics of a wave or a particle (or even a blend of the two)46,47.
In classical physics, these concepts are mutually exclusive, and
the object passing the interferometer cannot subscribe to either
of them ad libitum. In order to stress this fundamental differ-
ence, Wheeler proposed the “delayed-choice” experiment48
that severs any causal link between the object and the interfer-
ometer until it has entered it. If we wanted to realize Wheeler’s
gedanken experiment with coherent control, we would have
to postpone and randomize the choice between o and c such
that the spin cannot “know” beforehand which property to dis-
play. The proposed CCI does not, however, literally allow this,
because randomization between |1o, 2o〉 and |1c, 2c〉 would
choose the “control” or “no control” in advance. (Indeed this
is the central stumbling block to considering features of com-
plementarity in coherent control scenarios). Notwithstanding,
instead of flipping a coin between o and c, we can design a gen-
eralized coherent control scenario where one prepares a coher-
ent superposition |i〉 = ∣∣nS 12 , - 12〉 ⊗ (|1o, 2o〉+ |1c, 2c〉)/Ni
that gives the final state
|f〉 = 1
Nf
(|fo〉 ⊗ |1o, 2o〉+Nfc |fc〉 ⊗ |1c, 2c〉) (6)
with Ni, Nf being normalization factors. Since the states
|1o, 2o〉 and |1c, 2c〉 are each direct products of two coher-
ent states in, in total, four mutally orthogonal modes, the ini-
tial state |i〉 features nonclassical correlations of the GHZ
type17,49–51 the creation of which requires a special nonlinear
MZI52. By contrast, the resultant final state |f〉 of the total
system describes entanglement between the radiation field and
the electron spin. It is a coherent blend of particle- and wave-
like spin polarization statistics that is conditioned on the state
of the radiation field. As such, the field-matter entanglement
plus the superposition state character of Eq. (6) allows for the
delayed-choice determination of whether the system is in |fo〉
or |fc〉 conditioned on the measurement of the field.
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FIG. 3. Numerically optimized Bell-CHSH inequality test for |f〉 as a
function of the phase φ. The Bell inequality can be violated as long as
the detection efficiency η is larger than 0.5. For ideal photodetectors
(η = 1), the violation can be saturated, |〈B〉| = 2√2 at φ = 0; the
smallest violation is 2.044. Here, for simplicity, φ = −φc − θc =
pi/2− θo.
C. Bell Test
We still owe a test that can certify the nonclassicality of
an actual experimental realization of the CCI. Such test is
mandatory, since only if the correlations between the radiation
field and the electron spin are of nonclassical nature, we can
truly delay the choice of whether the spin statistics are that of
a particle or a wave. The statistics must be unknowable prior
to the measurement of the field. A test for nonclassicality is
provided by a certain family of Bell-CHSH inequalities that
are derived from the concept of local realism14–17. Adapting
the approach of Ref. 53, we define two parametric dichotomic
measurement operators: The operator Γ(ζ) = R(ζ)†σzR(ζ)
with the rotation R(ζ) = exp(ζσ+− ζ∗σ−) measures the spin
asymmetry in the direction of space defined by the complex
number ζ. Here, the Pauli operators σz , σ± are defined with
respect to the basis
{∣∣K ′, 12 +〉, ∣∣K ′, - 12 +〉}. The observable
A(β) =
⊗
l Fl(βl)
† ·(2|vac〉〈vac| − 1) ·⊗l′ Fl′(βl′) with the
displacements Fl(βl) = exp
(
βla
†
l − β∗l al
)
allows for a joint
photon threshold measurement over all modes l = 1o, 1c, 2o,
and 2c, where |vac〉 denotes the vacuum state, in all modes, of
the radiation field.
As described in the appendix D, we have calculated numer-
ically the maximally achievable violation of the Bell-CHSH
inequality
|〈B〉| ≡ ∣∣〈Γ(ζ )⊗A(β)〉+ 〈Γ(ζ ′)⊗A(β)〉
+
〈
Γ(ζ )⊗A(β′)〉− 〈Γ(ζ ′)⊗A(β′)〉∣∣ ≤ 2 (7)
by measurements on a system in the state |f〉 as a function
of φ for different photon detection efficiencies η. The primed
parameters ζ ′, β′ define an additional set of observables. To in-
corporate limited efficiency, each mode is attenuated by a beam
splitter with transmissivity
√
η before ideal detection53,54. The
statistical error in the photoelectron polarization asymmetry
measurements is not addressed at this time55. Significantly, as
is evident from Fig. 3, Bell’s inequality can be violated to vari-
ous degrees for all phases φ, where φ = −φc− θc = pi/2− θo,
5if η > 0.5. For φ = 0 and η = 1, |〈B〉| can even reach
the Tsirelson bound 2
√
2, the maximum allowed by quan-
tum mechanics56,57. For every φ, the maximum violation is
independent of the absolute field amplitudes |αl|, since the
parameters |βl| and |β′l| can always be adapted accordingly.
The optimized complex phases of the β and β′ vary piecewise
continously with φ,58 and they are independent of |αl|. So
too are the optimal choices for ζ and ζ ′. Additional numerical
experiments have shown that successful Bell test violation does
not critically depend on how small d2 is; near to maximum
violations can still be achieved if |d2| is of the order of 1, see
the appendix.
We can now summarize as follows: The coherent control
interferometer configurations, o and c, create experimental
conditions under which a particle and a wave property, respec-
tively, are displayed. In the specific scenario that starts with the
initial state |i〉 (above Eq. (6)), the coherent control dynamics
transform the initial GHZ entanglement between the modes
of the field into all-encompassing nonclassical EPR correla-
tions between spin and radiation. If a Bell violation is found
(for a range of different φ), then it is unknowable whether the
measured spin statistics are that of a wave or a particle and
thus whether control is possible or not. The outcome is physi-
cally guaranteed to be random and the experiment implements
“quantum delayed-choice”18–20,59–62.
III. DISCUSSION
It is advantageous to make explicit the difference between
the traditional understanding of the quantum character of co-
herent control and the view considered in this paper. It is
commonly agreed that, in the perturbative limit, the properties
of the driving fields and of the atomic or molecular system
independently contribute to the response1,6. In multi-color
laser-induced coherent control, for example, control via phase
sensitivity emerges solely from cross terms containing prod-
ucts of the nω and mω driving field amplitudes. This basic
mechanism is common to all classical and quantum descrip-
tions of weak-field (nω + mω) coherent control1,8,23. It has
led research to be primarily concerned with the magnitude
of the terms giving rise to phase dependence and, in view of
quantum-classical correspondence, whether this magnitude
depends crucially on quantum effects such as tunneling6 or
conservation of parity8. In other words, the divide between
quantum and classical control has been defined in terms of
quantitative indicators only, indicators which require a compar-
ison of classical and quantum model calculations as a means
of assessing the importance of quantum features.
By contrast, we focus here on a fundamentally qualitative
feature: the non-local character of the proposed light-matter
scenario. The resultant physics in the generalized coherent
control scenario described here rules out any local realistic
(classical) theory, because controllability is conditioned on
nonclassical correlations between matter and radiation. In the
experiment, this is ascertainable a posteriori by virtue of a
Bell-CHSH test. Inctoducing such a test has equired, however,
that we go beyond traditional coherent control scenarios to
introduce and examine a generalized scenario allowing a Bell-
CHSH test. Studies refocusing attention on traditional coherent
control scenarios are underway.
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Appendix A: Scattering Matrix
We examine here the interaction between a single heavy
alkali atom and ionizing bichromatic radiation. As explained
in the main text atomic motion is not considered, because the
atom is assumed to be tightly trapped. Neglecting hyperfine
structure, we specify the hydrogen-like electronic bound states
in the standard spectroscopic notation as |nlj,mj〉 with n the
principle quantum number and E(nlj) the energy. The contin-
uum states are denoted either by |Elj,mj+〉 with l the orbital
and j the total angular momentum or by |K,ms+〉, whereK
refers to the electron’s asymptotic outgoing wavevector32. In
the basis of bound and continuum states, the atomic Hamilto-
nianHA is diagonal. The bound and continuum solutionsRnlj ,
RElj of the radial Schro¨dinger equation depend on both the
orbital angular momentum l and the total angular momentum
j; mj denotes its projection onto the zˆ-axis in the laboratory
frame. Using Clebsch-Gordan coefficients, we write
〈x|nlj,mj〉 =
∑
mlms
〈
lml,
1
2ms
∣∣jmj〉Rnlj(x)Ylml(xˆ)|ms〉,
(A1)
where ml is the orbital angular momentum’s projection on the
zˆ-axis and |ms〉 describes the electron’s spin projected onto
the same axis. An analogous expansion exists for the contin-
uum wave functions 〈x|Elj,mj+〉. The quantized radiation
field, with canonical Hamiltonian HR, constitutes an auxiliary
degree of freedomR. We treat the light-matter interaction V
within the electric dipole approximation,
V = e
∑
kεˆ
~gk(i akεˆ x · εˆ+ h.c.), (A2)
where gk is the vacuum field strength and akεˆ the photon anni-
hilation operator with wave vector k = ωkkˆ/c and polarization
εˆ ⊥ k. In the long-time limit, the change of the electron’s
spin can be described by a completely positive map that is
constructed from matrix elements〈
K ′,m′s
+;m′kˆ
∣∣S∣∣nS 12 ,mj ;mkˆ〉 (A3)
of the scattering operator
S = 1− 2pii
∫
dEδ(E −H0)T (E + i0)δ(E −H0), (A4)
61st photon 2nd photon
S12 S
1
2
P12
P32
D32
D52
FIG. 4. Electric dipole selection rules between lj-states in one- and
two-photon absorption. These two processes are distinguishable by
the final orbital angular momenta, in particular, the separation into
states with even (S, D) and those with odd parity (P).
where |mkεˆ〉 is the m-photon number state of the mode kεˆ
and H0 = HA +HR the free Hamiltonian of atom and radi-
ation. The transition operator T has a perturbative expansion
T (z) = V +V G0(z)T (z) in powers of V and the unperturbed
resolvent G0(z) = (z −H0)−1.
Appendix B: Transition Amplitudes
The relevant transition amplitudes are well known26,27 and
can be written in terms of first and second order angular, A1,
A2, and radial, D1, D2, dipole matrix elements. For complete-
ness, we present their straightforward derivation.
Evaluating the scattering matrix element, Eq. (A3), to first
order gives the probability amplitude for the absorption of a sin-
gle photon and ejecting an electron with asymptotic wavevector
K ′: 1~δ(ω − ω1) δm,m′+1
√
m t1(m
′
s,mj) with ω = ck and
t1(m
′
s,mj) =
2pi~2gk√
meK ′
∑
m′l
Y1m′l
(
Kˆ ′
)∑
j′m′j
〈
1m′l,
1
2m
′
s
∣∣j′m′j〉
× 〈m′j∣∣A1(Pj′,S 12 ; ˆ)∣∣mj〉D1(E′Pj′, nS 12). (B1)
The dipole selection rules dictate that t1 only connects to P
continuum states, l′ = 1 (see also Fig. 4). This finds expression
in the angular dipole matrix element,
〈
m′j
∣∣A1(l′j′, lj; ˆ)∣∣mj〉 = √ 2l+12l′+1 〈l0, 10|l′0〉∑
mlm
′
l
∑
q
εq 〈lml, 1q|l′m′l〉
∑
ms
〈
l′m′l,
1
2ms
∣∣j′m′j〉 〈lml, 12ms∣∣jmj〉, (B2)
which vanishes unless l and l′ differ by one. Moreover,
the projections εq = εˆ · eˆ∗q of the incident-field polariza-
tion onto the spherical basis vectors eˆ±1 = ∓(xˆ± yˆ)/
√
2,
eˆ0 = zˆ determine the respective shares of σ- (∆mj =
±1) and pi-transitions (∆mj = 0) in the absorption
amplitude. The radial integrals36,37, D1(E′l′j′, nlj) =
e
∫∞
0
dxx3R∗E′l′j′(x)Rnlj(x), etc., shall not be explicitly
calculated here and serve as empirical parameters. In the
same manner, we derive the two-photon transition amplitude
in second order perturbation theory. It can be written as
1
2~δ(ω − ω2) δm,m′+2
√
m(m− 1) t2(m′s,mj), where we de-
fined
t2(m
′
s,mj) =
2pii~3g2k√
meK ′
∑
l′m′l
Yl′m′l
(
Kˆ ′
)∑
j′m′j
〈
l′m′l,
1
2m
′
s
∣∣j′m′j〉∑
j′′
〈
m′j
∣∣A2(l′j′,Pj′′,S 12 ; ˆ)∣∣mj〉D2(E′l′j′,Pj′′, nS 12),
(B3)〈
m′j
∣∣A2(l′j′, l′′j′′, lj; ˆ)∣∣mj〉 = ∑
m′′j
〈
m′j
∣∣A1(l′j′, l′′j′′; ˆ)∣∣m′′j 〉 〈m′′j ∣∣A1(l′′j′′, lj; ˆ)∣∣mj〉, (B4)
and
D2(E
′l′j′, l′′j′′, nlj) =
∑
n′′
D1(E
′l′j′, n′′l′′j′′)D1(n′′l′′j′′, nlj)
E′ − E(n′′l′′j′′)− ~ck + i0 +
∫
dE′′
D1(E
′l′j′, E′′l′′j′′)D1(E′′l′′j′′, nlj)
E′ − E′′ − ~ck + i0 . (B5)
Inspection of the selection rules reveals that, for the two photon process, only partial waves with l′ = 0 or 2 contribute to the
7final amplitude, cf. Fig. 4.
Appendix C: Finite Detection Efficiency
It can be expected that an inefficient measurement of the
electron spin polarization affects the Bell inequality violation in
a qualitatively similar manner as an inefficient photon threshold
measurement. We therefore concern ourselves only with the
latter. A photodetector with limited photo detection efficiency
can be modelled as an ideal photodetector behind an output
port of an unbiased beam splitter. Let that beam splitter have
the transmissivity
√
η. The photodetection with efficiency η is
adequately described if we calculate the expectation value of
the CHSH-Bell operator B with respect to the state
|f ′〉 = B1o(η)B2o(η)B1c(η)B2c(η)|f〉, (C1)
where the beam splitter operator B1o couples the mode 1o to
the auxiliary mode 1o′,
B1o(η) = exp
[
arccos
√
η
(
a†1oa1o′ − a1oa†1o′
)]
. (C2)
The operators B2o, B1c, and B2c are defined analogously.
Appendix D: Numerical Optimization of |〈B〉|
The Bell-CHSH observable B depends on a variety of mea-
surement settings. For a range of final states |f ′〉, parametrized
by the phase φ (and the detection efficiency η), we want to find
the settings for B that allow for the maximum violation of the
Bell-CHSH inequality (7).
Introducing the phase φ (see the main text) is equivalent to
phase-locking the complex amplitudes α1o, α2o, α1c, and α2c
in the following way:
Argα1o ≡ φ1o = −pi2 − κ1 + κ2o + 2φ2c, (D1a)
Argα2o ≡ φ2o = 12 (−pi − κ2o + κ2c + φ+ 2φ2c), (D1b)
Argα1c ≡ φ1c = −κ1 + κ2c − φ+ 2φ2c. (D1c)
Here, we are free to set φ2c ≡ Argα2c = 0, since the expecta-
tion value of the Bell-CHSH observable does not depend on
this particular phase.
For now, let us also assume that d2 = 0. We then have
Nfc = 1 and
〈
f ′
∣∣Γ(ζ )⊗A(β)∣∣f ′〉 = N−2f (〈fo|Γ(ζ)|fo〉〈√ηα1o,√ηα2o, 0, 0|A(β)|√ηα1o,√ηα2o, 0, 0〉
+ 〈fo|Γ(ζ)|fc〉〈√ηα1o,√ηα2o, 0, 0|A(β)|0, 0,√ηα1c,√ηα2c〉e−(1−η)‖α‖2/2
+ 〈fc|Γ(ζ)|fo〉〈0, 0,√ηα1c,√ηα2c|A(β)|√ηα1o,√ηα2o, 0, 0〉e−(1−η)‖α‖2/2
+ 〈fc|Γ(ζ)|fc〉〈0, 0,√ηα1c,√ηα2c|A(β)|0, 0,√ηα1c,√ηα2c〉
)
(D2)
with N2f = 2 +
1√
2
[sinφ− cosφ− cos(2φ)] e−‖α‖2/2,
〈fo|Γ(ζ)|fo〉 = − sin(2|ζ|) sin(φ+ Arg ζ), (D3a)
〈fo|Γ(ζ)|fc〉 = 1√2 exp
[−i(pi4 + φ)][cos(2|ζ|)( i√2 + sin(pi4 + φ))+ sin(2|ζ|)(−i sin(pi4 + φ)+ sin(pi4 + φ+ Arg ζ))],
(D3b)
〈fc|Γ(ζ)|fo〉 = 1√2 exp
[
i
(
pi
4 + φ
)][
cos(2|ζ|)
(
− i√
2
+ sin
(
pi
4 + φ
))
+ sin(2|ζ|)(i sin(pi4 + φ)+ sin(pi4 + φ+ Arg ζ))],
(D3c)
〈fc|Γ(ζ)|fc〉 = − cos(2|ζ|) cosφ+ sin(2|ζ|) sin(Arg ζ) sinφ, (D3d)
and
〈α|A(β)|α′〉 = e−(‖α‖2+‖α′‖2)/2
(
2e−‖β‖
2−α∗·β−α′·β∗ − eα∗·α′
)
. (D3e)
From these expressions it becomes clear that the Bell-CHSH
expectation value 〈f ′|B|f ′〉 = 〈f ′∣∣Γ(ζ )⊗A(β)∣∣f ′〉 +〈
f ′
∣∣Γ(ζ ′)⊗A(β)∣∣f ′〉 + 〈f ′∣∣Γ(ζ )⊗A(β′)∣∣f ′〉 −〈
f ′
∣∣Γ(ζ ′)⊗A(β′)∣∣f ′〉 does not depend on the mate-
rial phases κ1, κ2o, and κ2c, nor on the laser phases
Argαl—provided that the phases of the local oscillator
amplitudes β and β′ are measured in reference to Argαl, i.e.
βl = |βl| αl|αl|e
i∆l , β′l = |β′l|
αl
|αl|e
i∆′l , (D4)
where l = 1o, 2o, 1c, 2c.
8At this point, the following optimization variables can be
identified: ζ , ζ ′, |βl|, ∆l, |β′l|, and ∆′l. Fixed parameters are φ,
η, d2, and the absolute laser amplitudes |αl|. According to the
definitions (1) and (3) in the main text, the absolute amplitudes
|αl| are functions of certain empirical radial integrals D1 and
D2, the values of which are not known at this point. In order
to proceed with the optimization, we sample positive random
values for
|α1o|
λ
,
|α2o|√
λ
,
|α1c|
λ
,
|α2c|√
λ
(D5)
and add the numerical scaling factor λ to the set of optimiza-
tion variables. Globally optimal solutions have been acquired
numerically by means of the covariance matrix adaptation evo-
lution strategy (CMA-ES)63. The numerical optimizations have
been repeated for different samples of the absolute amplitudes.
This has shown that the maximum violation of Ineq. (7) is
independent of the particular random choice of the parameters
(D5). The results are depicted in Fig. 3 in the main text. It
is a plot of the maximally attainable value of |〈f ′|B|f ′〉| as a
function of φ and for different detection efficiencies η.
The optimal values for λ, |βl|, and |β′l|, l = 1o, 2o, 1c, 2c,
depend nontrivially on φ, η, and the parameters (D5). These
values will therefore not be explicitly discussed. In contrast,
the optimal values for ζ, ζ ′, ∆l, and ∆′l depend only on φ and
η and are piecewisely continuous in φ. Furthermore, the phases
∆l, ∆′l always fulfill
∆1o = ∆2o, ∆1c = ∆2c, (D6a)
∆′1o = ∆
′
2o, ∆
′
1c = ∆
′
2c. (D6b)
The case d2 6= 0 can be dealt with in a similar fashion
as the case d2 = 0 above. While we have not studied it
systematically, we have verified numerically that, for several
randomly chosen, non-perturbative complex values of d2, the
Bell-CHSH inequality can be violated to a substantial degree.
Qualitatively, the effect of d2 is to shift and distort the plot in
Fig. 3, such that the maximum violation no longer occurs for
φ = 0.
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